Appendix to
Decompositions of complete graphs into
theta graphs with fewer than ten edges

Andrew Blinco
Centre for Discrete Mathematics and Computing,
Department of Mathematics, The University of Queensland,
Queensland 4072, Australia

1 A 0O(1,2,3)-design of order 24
Example 1.1 A ©(1,2, 3)-design of order 24.

Let V = Zy, and let B =

{[0,1;2,3,4], [0,3:5,1,6], [0,7;8,9,1], 0,10;11,1,12],
0,13;14,1,15],  [0,16;17,2,18], 0,19;21,1,23],  [1,3:7,2,4],
[1,10;13,2,16],  [1,17;22,0,30], [2,5;6,3,8], [2,9;10,3,11],
[2,12;14,3,15],  [2,19;20,3,21], 3,9;12,4,13], [3,16;18,1,19],
[3,17;23,2,22],  [4,5;7,9,6], [4,8:9,5,10], [4,11;14, 5,15),
[4,16;19,5,17],  [4,18;20,5,21], [5,8:11,6,12], [5,13; 16,6, 22],
[6,8;10,7,13], [6,14;15,7,17], [6,18;7,20,23],  [6,20;21,7,19]
[7,11;12,8,14],  [7,16;22,4,23], 8,13;15,9,16],  [8,17;18,5,23],
[9,11;13,12,17], [9,14;18,10,19],  [10,12;15,11,16], [10,14;17,11,20],
[10,21;22,9,23], [11,18;19,8,21],  [12,16;20,8,22], [13,17;19,12,21],
[14,16;21,9,20], [14,19;22,11,23], [15,16;23,13,20], [15,21;17,20,22],

[18,12;23,19,15], [18,13;22,23,21]}.
Then (V, B) is a ©(1, 2, 3)-design of order 24.

2 Examples of ©(1,2,4)-designs
Example 2.1 A O(1,2,4)-design of order 7.

Let V = Z7 and let B contain the following copies of ©(1,2,4).

{[0,1;4,2,3,6],[0,3;5,1,6,2],[4,6:5,2,1,3]}
Then (V, B) is a ©(1, 2, 4)-design of order 7.



Example 2.2 A O(1,2,4)-design of order 8.

Let V = Zsg and let B contain the following copies of ©(1,2,4).

{l6,3;0,1,2,4],[3,7;1,4,0,5],[7,0;2,5,1,6,],[5,7;4, 3,2,6] }
Then (V, B) is a ©(1, 2, 4)-design of order 8. O

Example 2.3 A O(1,2,4)-design of order 14.

Let V =74 and let B =

{[0,1:2,3,5,4],  [0,3;8,5,7,11], [0,6;10,2,4,12], [1,5;9,12,10,8],
[2,8;13,4,1,6], [2,11;5,6,8,12], [3,1;12,5,0,13], [4,3;11,1,13,7],
[6,3:7,8,4,9], 9,3:10,1,7,2], [9,8;11,10,7,0], [10,5;13,12,6,4],
11,6;13,9,7,12]}.

Then (V, B) is a ©(1, 2, 4)-design of order 14. O

Example 2.4 A O(1,2,4)-design of order 15.

Let V = Zi5 and let B contain the copies of ©(1,2,4) arising from the following set,
cycled modulo 15.

{[7,5;14,9,8, 11]}
Then (V, B) is a ©(1, 2, 4)-design of order 15. O

Example 2.5 A O(1,2,4)-design of order 28.

Let V = (Zg x Z3) U oo and let B contain the copies of O(1,2,4) arising from the fol-
lowing set, with the first components all cycled modulo 9, and the second components
fixed.

{[(0,0), (2,0); (1, 2), (0,2), (6,2), (3,0)], [(0,1),(3,1);(4,2),(2,2),(4,0), (8, )],
[(1,1),(7,0); (7,2), (3,0), (0, 1), (8,0)],  [(3,1),(7,1);(5,2),(0,1),(2,0), (1, D)},
[(4,1),(3,2); (7,2),(2,0), (3,0), (8,0)],  [(0,0),(0,1); 00, (0,2),(3,0), (5, 2)]}-

Then (V, B) is a ©(1, 2, 4)-design of order 28. O

Example 2.6 A O(1,2,4)-design of order 29.
Let V = Zsg and let B contain the copies of ©(1,2,4) arising from the following set,
cycled modulo 29.

{[0,4; 12,18, 5, 14], [5, 8; 10, 11, 4, 15}
Then (V, B) is a ©(1, 2, 4)-design of order 29. O
Example 2.7 A ©(1,2,4)-decomposition of Ks)

Let V={i=0(mod 3): 1 € Zo } U{i=1 (mod 3): i € Zo1 } U{i =2 (mod 3): i € Zo }
and let B contain the copies of ©(1,2,4) arising from the following set, cycled modulo
21.

{[4,6:11, 10, 18, 8]}
Then (V, B) is a ©(1, 2,4)-decomposition of K. O
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Example 2.8 A O(1,2,4)-decomposition of K

Let V= {i = 0 (mod 5): i € Z3gs} U{i = 1 (mod 5): i € Z3s} U {i = 2 (mod
5):1 € Zss} U{i =3 (mod 5): 4 € Zszs} U{i =4 (mod 5): i € Z3s} and let B contain the
copies of O(1,2,4) arising from the following set, cycled modulo 35.

{[0,1;7,11,29,13], [18, 7; 21,12, 24, 16]}
Then (V, B) is a ©(1, 2, 4)-decomposition of K. O

3 Examples of ©(2,2, 3)-designs
Example 3.1 A ©(2,2,3)-design of order 8.

Let V = Zg and let B contain the following copies of ©(2, 2, 3).
{[0:1;2;3,4:5],[1:6;0;5,7:4],[2:0;7;6,5:3],[6:2;4;1,3: 7]}

Then (V, B) is a ©(2, 2, 3)-design of order 8. O

Example 3.2 A ©(2,2, 3)-design of order 1j.

Let V =Z4 and let B =
{[0:1;2;3,5:4], [0:4;5;7,2:6], [0:10;13;6,9:1], [2:1;9;5,10:7],
[3:8;12;13,9:4]|, [4:7;10;3,1:6], [5:9;13;1,11:12], [6:3;11;13,10:9],
[8:0;1;5,7:12], (8:2;12;7,3:10], [8:10;13;9,0:1], [11:2;5;8,6:12],
[11:4;7;3,2:13]}.

Then (V, B) is a ©(2, 2, 3)-design of order 14. O
Example 3.3 A ©(2,2,3)-design of order 15.

Let V = Zi5 and let B contain the copies of ©(2,2,3) arising from the following set,
cycled modulo 15.

{[7:2;11;6,3: 9]}
Then (V, B) is a ©(2, 2, 3)-design of order 15. O

Example 3.4 A ©(2,2,3)-design of order 21.

Let V = Z3 X Z7 and let B contain the copies of ©(2, 2, 3) arising from the following set,
with the first components all cycled modulo 3, and the second components fixed.

{[(0,0) : (1,0); (0,1); (1,1),(2,1) : (0,2)],  [(0,0) = (0,2);(0,3); (2,5), (0,1) = (1,1)],
(0,0): (1,3); (2,4); (1,5), (2.2): (2,3)],  [(0,0) = (2,3): (1,4)3 (16), (2,4) : (2,1)],
10,2) £ (1,2); (2,6): (2,4). (2,0): (2,5)],  [(0,3) = (2,1)5(1,2); (2,5).(0.5) : (1,6)],
[(0,4) : (2,1);(0,2);(1,3),(2,4) : (0,5)],  [(1,4) = (2,4);(1,6); (0,2), (2,1) : (2,5)],
[(1,6) : (2,0); (1,1);(0,6),(2,3) : (2,6)],  [(2,5) : (2,3);(0,4); (1,3), (0,2) : (1,6)]}.
Then (V, B) is a ©(2, 2, 3)-design of order 21. O



Example 3.5 A ©(2,2,3)-design of order 28.

Let V = (Zg X Z3) U oo and let B contain the copies of ©(2,2,3) arising from the fol-
lowing set, with the first components all cycled modulo 9, and the second components

fixed.
{[(0,0) : (2,0);(3,0); (4,0),(3,2) : (7,2)], [(0,0
[(1,1) = (2,0);(0,2); (5,0),(6,0) : (3,2)],  [(1,1
[(5,1) = (4,1);(1,2);(5,2),(6,2) : (8,1)],  [(0,2
Then (V, B) is a ©(2, 2, 3)-design of order 28.

Example 3.6 A ©(2,2,3)-design of order 29.

(1,1);(3,2); (0,1), (5,0
(3,0);(8,0); (7,1), (1,0
(8,1);(7,2);(6,1), (3,2

Let V = Zsg and let B contain the copies of ©(2,2,3) arising from the following set,

cycled modulo 29.

Then (V, B) is a ©(2, 2, 3)-design of order 29.

Example 3.7 A O(2,2,3)-design of order 35.

{[0:1;2;3,13:8],[4:15;19;20,3 : 28]}

Let V = (Z14 X Zs) U 0o and let B contain the copies of ©(2, 2, 3) arising from the fol-
lowing set, with the first components all cycled modulo 14, and the second components

fixed.
{[(050):(4’0);(8’0);(3,1)5(1a1):(251)L [(050
[(5,0):(12,0); (15,1);(6,1),(9,0):(15,1)], [(9,0
[(9,1):(14,0); (6,1); (7,1),00:(1,1)]}.

Then (V, B) is a ©(2,2, 3)-design of order 35.

Example 3.8 A ©(2,2,3)-design of order 49.
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Let V = Z7 X Z7 and let B contain the copies of ©(2, 2, 3) arising from the following set,
with the first components all cycled modulo 7, and the second components fixed.

1[(0,0) : (1,0); (2, 0);
[(0,0) : (0,2); (4,2);
[(0,0) : (1,4); (4,4);
[(0,0) : (6,5); (1,6);
[(0,1) : (3,3); (4,3);
[(0,1) : (6,5); (0,6);
[(0,4) : (1,4); (0,6);
[(1,3) : (4,3); (1,6);
[(2,5) : (4,1);(0,2);
[(3,0) : (4,2); (0, 5);
[(3,3) : (4,2); (5, 3);
[(4,1) : (2,0); (4,0);
Then (V, B) is a ©(2

(3,0),(0,1): (0,2)], [(0,0)
(0,3),(2,0): (5,3)], [(0,0
(5,4),(1,1): (5,2)], [(0,0
(4,6),(0,1): (2,1)], [(0,1
(6,3),(3,2): (3,5)], [(0,1
(5,6), (4,2): (5,4)], [(0,2
(4,5),(6,2): (5,6)], [(0,5
(6,1),(5,4): (0,5)], [(2,4
(4,3),(5,0): (0,6)], [(2,6
(5,4),(4,5): (5,5)], [(3,2
(0,4),(5,5): (1,6)], [(3,3
(5,3),(0,5): (0,6)], [(6,4
, 2, 3)-design of order 49.
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Example 3.9 A O(2,2,3)-decomposition of K.

Let V={i=0(mod 3):1€Zy}U{i=1(mod 3):i € Zop }U{i =2 (mod 3): i € Zy }
and let B contain the copies of ©(2,2,3) arising from the following set, cycled modulo
21.

{[9:4;16;11,7 : 15]}.
Then (V, B) is a ©(2, 2, 3)-decomposition of Kj). O
Example 3.10 A ©(2,2, 3)-decomposition of Ks).

Let V.= {i = 0 (mod 5): i € Zgs} U{i = 1 (mod 5): i € Z3s} U{i = 2 (mod
5):i € Zzs}U{i =3 (mod 5): i € Zzs} U{i =4 (mod 5): 7 € Z35} and let B contain the
copies of ©(2,2,3) arising from the following set, cycled modulo 35.

{[0:1;2;6,19: 5],[26 : 7;8; 15,22 : 34]}.
Then (V, B) is a ©(2, 2, 3)-decomposition of K. O

4 Examples of ©(1,2,5)-designs

Example 4.1 A ©(1,2,5)-design of order 16.

Let V =Z6 and let B =
{[0,1;3,4,5,6,8], [0,2;7,4,1,5,11], [0,4;9,6,3,8,10],
[1,10;12,7,8,4,15], [2,6;15,10,7,11,4], [4,10;14,7,5,0,12],
[5,10;9,7,13,3,2], [6,12;11,9,14,3,7], [8,1;14,2,9,3,5],
[9,15;12,2,1,11,13], [10,2;11,14,5,12,3], [11,3;15,0,13,2,8],
[12,8;13,10,6,0,14], [13,5;15,7,1,6,4],  [13,6;14,15,8,9,1]}.

Then (V, B) is a ©(1, 2, 5)-design of order 16. O
Example 4.2 A ©(1,2,5)-design of order 17.

Let V = Zi; and let B contain the copies of ©(1,2,5) arising from the following set,
cycled modulo 17
{[7,1;11,12,3,5,2]}.

Then (V, B) is a ©(1, 2, 5)-design of order 17. O
Example 4.3 A O(1,2,5)-design of order 32.

Let V =Z3, and let B =

{[0,1;2,3,4,5,6], [0,3;5,1,4,2,7], [0,4;8,1,3,6,9],
[0,10;11,4,26,12,24], [0,12:13,1,6,2,14], [0,15;16,1,7,3,17],
[0,18;19,1,9,2,20],  [0,21;22,1,10,2,23], [0,25;26,1,11,2,27],
[1,12;14,3,8,2,15],  [1,17;18,2,5,7,20], [1,21:23,3,9,4,24],
[1,25;27,3,10,4,28], [1,29:30,0,28,2,31], [212;16,3,11,5,13],
[2,17;19,3,12,4,21], [2,22:24,3,13,4,25], [2,26;29,0,31,3,30],
[3,15;18,4,6,7,21], [3,20;22,4,7,8,25], [3,26;28,5,8,6,29,
[4,14;15,5,9,7,16], [4,17;20,5,10,6,19], [4,23;27,5,12,6,30],
[5,14;16,6,11,7,17], [5,18;21,6,13,7,19], [5,22;23,6,14,7,24],
[5,25;29,4,31,6,26], [6,15;17,8,9,10,18], [6,20;24,8,10,7,22],
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[6,25;28,7,12,8,217), [7,15;23,8,11,9, 18], [7,25; 30,5, 31,8, 26],
[7,27:29,8,13,9,31], 8,14;18,11,12,9,15], [8,16;19,9, 14,10, 20,
[9,16;17,10,12,15,20], [9,21;24,10,13,11,22],  [9,23;25,10, 15,11, 26],
[10,16;21,8,22,12,19],  [10,22;26,13,14,11,23],  [10,27; 28,8, 30,9, 29],
[11,16;20,12,17,13,19], [11,17;21,12,18,13,24], [11,25;31,10, 30, 12, 27,
[11,28;29,12,23,13,30], [12,28:31,13,15,19,25], [13,16;22,14,17,23,20],
[13,21;25,14,19,20,27], [14,20;21,15,22,17,24],  [14,23;26, 15, 24, 16, 27,
[15,27;30,14,28,16,25], [15,29;31,16,18,20,28], [17,26;27,9,28,13,29),
[18,22;25,17,28,19,23], [18,24;26,16,23,28,30], [19,21; 26, 20, 25, 24, 27,
[19,22;29,14,31,17,30], [20,31;30,22,27,18,29], [21,27;31,23,29, 16, 30],
[24,19;31,18,28,21,29], [24,23; 30, 26, 31,22, 28]}.

Then (V, B) is a ©(1, 2, 5)-design of order 32. O
Example 4.4 A ©(1,2,5)-design of order 33.

Let V = Zs3 and let B contain the copies of ©(1,2,5) arsing from the following set,
cycled modulo 33.

{[0,2;12,1,7,4,17],[17, 32; 18,9, 16,21, 13] :}.
Then (V, B) is a O(1, 2, 5)-design of order 33. O
Example 4.5 A O(1,2,5)-decomposition of K-
Let V={i=0 (mod 3): i € Zyg} U{i =1 (mod 3): i € Zyg} U{i =2 (mod 3): i € Zys}

and let B contain the copies of ©(1,2,5) arising from the following set, cycled modulo
48.

{[0,7:17,1, 27,13, 5], [24, 23; 43, 32, 36, 34, 11]}.
Then (V, B) is a ©(1, 2, 5)-decomposition of Kjs¢)- O

Example 4.6 A O(1,2,5)-decomposition of Kse)-

Let V= {i = 0 (mod 5): i € Zg}U{i =1 (mod 5): i € Zg} U{i = 2 (mod
5):1 € Zgo} U{i =3 (mod 5): 4 € Zgo} U{i =4 (mod 5): i € Zgo} and let B contain the
copies of O(1,2,5) arising from the following set, cycled modulo 80.
{[0,1:8,4,2,11,23],[0,14; 31, 3,19, 1, 22],
[0,19; 53,5, 31,70, 33], [73, 37; 79, 28, 25, 38, 49] }.
Then (V, B) is a ©(1, 2, 5)-decomposition of K- O



5 Examples of ©(1,3,4)-designs

Example 5.1 A ©(1,3,4)-design of order 16.

Let V =Z6 and let B =
{[0,1,2;3,4,5,6],
0,9,2;11,8,7,12],
[2,6,9;15,10,7,13],

[11,7,2;14,8,1,9],

[0,2,4:7,3,9, 5], [0
[0,15,5;14,1,11,13], [1
[4,15,6;11,12,3,13], [6
[9,7,6;10,4,8,12], [10,3,5;13,15,12,2], |1
[12,4,9;13,8,3,1], [l

Then (V, B) is a ©(1, 3, 4)-design of order 16.

Example 5.2 A ©(1,3,4)-design of order 17.

Let V = Zi; and let B contain the copies of ©(1,3,4) arising from the following set,

cycled modulo 17.

{16,5,12; 10,2, 14, 3]}.

Then (V, B) is a ©(1, 3, 4)-design of order 17.

Example 5.3 A O(1,3,4)-design of order 32.

Let V = Z3, and let B =
{[0,1,2;3,4,5,6],
[0,10,1;13,9, 29, 28],
[0,18,1;19,2,9,20],
[1,5,7;6,3,8,9],
[2,13,3;15,4,6, 18],
[3,10,4; 11, 5,8, 12],
[3,24,4;25,5,13,27],
4,20, 5; 26, 6,8, 27],
[5,27,6;28,2,31,29],
[6,22,7;24,9,10, 25),
[7,26,8;28, 3,31, 30],
[9,15,10;16,11,12,17],
[10,20,11; 29, 4, 31, 26],
[11,23,13;24,12, 19, 25],
[13,16,18; 17,14, 19, 20],
14,20, 15; 21,16, 19, 23],
[15,26,12; 31,0, 30, 29],
[17,21,18;22,19, 24, 23],
19,21, 23; 28,18, 27, 29),
[21,30, 1; 31, 20, 27, 28],
[25,31,19; 30,18, 29, 24],

[0,2,4;7,1,3,5],
[0,11,1;12,2,6,14],
[0,21,1;22,2, 10,23,
[1,14,2;17,3,7,20],
[2,20,3;21,4,8,24],
3,14, 4;16, 5, 10, 18],
[4,9,6;12,7,8,13],
[5,14,7; 15,6, 10, 19,
[6,11,7;13, 10,8, 16],
[6,29,3;30, 4,28, 31],
8,11,10;14,9,12, 15,
[9,19,11;21, 10,17, 26],
[11,13,12; 14,15, 16, 17],
[11,28,12; 30,13, 14, 31],
13,19, 15; 25, 14, 18, 26],
[15,17,19; 18,20, 21, 22],
[16,26,19; 27,17, 20, 28],
[17,24,18; 25, 20, 22, 28],
20,23, 22; 24, 21, 25, 26],
[24, 30, 5; 31, 22, 29, 26],
26, 28, 15; 30, 20, 29, 23]}.

Then (V, B) is a ©(1, 3, 4)-design of order 32.

,4,6:8,2,5,10],
,10,11;5,8,15,7],
J1,4;14,15,11, 3],
0,8,9;14,7,5,12],
3,6,12;14,3,15,1]}.

[0,4,1;8,2,5,9],
[0,15,1;16,2,7,17],
[0,24,1;25,2,11, 26],
[1,23,2;26,3,9,27],
[2,27,0;29,1, 28, 30],
[3,19,4;22,5,12, 23,
[4,17,5;18,7,9,23],
[5,21,6;23,7, 10, 24],
[6,17,8;19,7, 16, 20],
[7,21,8;25,9,11, 27,
[8,18,9; 22,10, 12, 20],
[9,28,10; 30, 8,23, 31],
[11,15,13; 18,12, 16, 22],
[12,21,13; 22, 14, 16, 25],
[13,28,14;29, 12,27, 31],
15,23, 16; 24, 14, 26, 27],
16,29, 7; 31, 10, 27, 30],
[17,29, 8; 31,18, 23, 30],
[21,26,22; 27, 23, 25, 29],
25,28, 24; 27, 14, 30, 22],



Example 5.4 A O(1,3,4)-design of order 33.

Let V = Zjs3 and let B contain the copies of ©(1,3,4) arising from the following set,
cycled modulo 33.

{[0,3:7,15, 4,11, 21], [24, 23; 32, 30, 13, 18, 5]}..
Then (V, B) is a ©(1, 3, 4)-design of order 33. O
Example 5.5 A O(1, 3, 4)-decomposition of Kse)-

Let V={i=0 (mod 3):i € Zyg} U{i =1 (mod 3): i € Zys} U{i =2 (mod 3): i € Zys}
and let B contain the copies of ©(1,3,4) arising from the following set, cycled modulo
48.

{[0,1, 3; 22,6, 13, 5], 34,11, 31; 44,40, 6, 17]}.

Then (V, B) is a ©(1, 3, 4)-decomposition of Kjs¢). O
Example 5.6 A O(1,3,4)-decomposition of Kss).

Let V= {i = 0 (mod 5): i € Zg}U{i = 1 (mod 5): i € Zg} U {i = 2 (mod
5):1 € Zgo} U{i =3 (mod 5): 1 € Zgo} U{i =4 (mod 5): 7 € Zgy} and let B contain the
copies of (1, 3,4) arising from the following set, cycled modulo 80.
{[0,1,3:6,2,10,23], 0,9, 23; 39, 1, 19, 43],
(0,17, 48: 22, 49, 1, 29], [28, 35, 16; 75, 39, 50, 62] }.
Then (V, B) is a ©(1, 2, 5)-decomposition of K- O

6 Examples of ©(2,2,4)-designs
Example 6.1 A ©(2,2,4)-design of order 16.

Let V = Zs and let B =
{[0:1;2;3,4,7: 6], [0:4;5;6,3,1:8], [0:7;8;11,3,5: 2],
0:9:15:13,5,14: 8], [0:12;14;10,13,6:9], [1:2:5:13,11,12: 10],
[3:9;12;8,7,5: 4], [6:6;11;9,2,4 : 14], [7:1;3;13,12,2: 15],
[8:12;13;6,4,1:14], [10:4;6;1,12,5:15], [10:7;9;14,3,13: 15],
[11:2;15;1,9,7:14], [11:4:9;10,3,2:13], [11:6;7;8,10,15: 12]}.

Then (V, B) is a ©(2, 2, 4)-design of order 16. O
Example 6.2 A ©(2,2,4)-design of order 17.

Let V = Zi; and let B contain the copies of ©(2,2,4) arising from the following set,
cycled modulo 17.
{[3:11;15;9,10,6 : 8|}.

Then (V, B) is a ©(2, 2, 4)-design of order 17. O
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Example 6.3 A O(2,2,4)-decomposition of Kig 6.

Let V' = Zg X Zy and let B contain the copies of ©(2,2,4) arising from the following
set, with the first components all cycled modulo 8, and the second components fixed.

{[(1’ 0) : (3, 1); (5’ 1); (6: 1)’ (0’ 0)7 (9’ 1) : (2’ 0)]a
[(6,0):(4,1);(6,1);(0,1),(8,0),(3,1):(7,0)]}.

Then (V, B) is a O(2, 2, 4)-decomposition of K416, where V' is partitioned in the obvious
way. O

7 Examples of ©(2,3,3)-designs
Example 7.1 A ©(2,3, 3)-design of order 16.

Let V =716 and let B =

(0:1;2,3:4,6:5,  [0:3576,2:1], 0:7:8,2;11,3: 9],
[2:7:4,8:10,5:13],  [3:15:4,1;12,0:14], [4:7;10,9;13,1: 12],
6:1;3,7:8,11:10],  [7:8:6,15;11,5:9],  [8:3;1,11;12,2: 13],
[0:11;0,13;6,10: 12], [11:6:2,15:4,5:12], [13:6;9,4;10,3: 14],
[14:7;5,8;10,0:15], [14:11;2,5;8,10:15], [14:13;9,1;12,4: 15]}.

Then (V, B) is a ©(2, 3, 3)-design of order 16. O
Example 7.2 A ©(2,3, 3)-design of order 17.

Let V = Zi; and let B contain the copies of ©(2,3,3) arising from the following set,
cycled modulo 17.
{[13:14;5,11;9,6 : 16]}.

Then (V, B) is a ©(2, 3, 3)-design of order 17. O
Example 7.3 A ©(2,3, 3)-design of order 32.

Let V =Z3, and let B =

[7:26;28,8;30,9: 23|,
[9:19;22,10;24,11 : 14],

:9;21,11;24,10: 12], [9:13;16,10;18,11 : 15],
0:11;13,12;17,14 : 22], [10:19;23,11;25,12:17],

{[0:1:2,3:4,5: 6], 0,3,5,1,6,2, 4], 0:7:8,1;9,2: 10],
0:10:11,4: 15,18 : 20,  [0:12:13,1:14,2: 7), 0:16;17,1;18,2: 11,
0:19:20,1;21,2:12],  [0:22:23,1;24,2:15],  [0:25:26,1;27,2: 16],
[1:2;3,5;9,4:8], [1:14;18,3;19,2:13], [1:21;22,2;24,3:17],
[1:25:27,3;28,0:29],  [1:29:30,2;31,3:20],  [2:5:23,3;25,4:7],
[3:8;9,5;10,4:12], [3:11;12,6;14,4 :13], [3:15;16,4;19,5:17],
[3:21:22,4;25,5: 15],  [3:26:28,2;30,0:31],  [4:6:18,5;19,7: 11],
[4:21:23,5;24,6:10],  [4:26:27,5;28,6:14],  [4:29:30,5;31,6: 16],
[5:13:20,6;21,7:8],  [5:22:24,7;26,2:29],  [5:28:29,6;31,7:9],
[6:7;15,8;17,9;14], 6:18;19,8;21,9:10],  [6:22;23,7;25,8: 16],
[6:26:27,7:30,8: 17],  [7:13;15,9;18,8:20],  [7:20:22,825,9: 11],

8
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(10 : 26;27,8;28,11:29], [10:29:30,11;31,9:27],  [12:14;15,16;18,13: 21],
[12:16;20,14; 21,18 : 23], [12:23;24,13:26,8:31],  [12:27;28,13;29,9 : 26],
[13:16;17,18;19,11: 26], [13:22:23,15:25,11:31], [13:27;29,14;30,12: 31],
[14:15;16,17;18,19: 20], [14:24:25,15:27,16:19], [15: 24;26,19;27,17 : 22
[15:28;20,17;30,16 : 24], [17:23;25,18;28,14:30], [18:16;22,20;24,21 : 28
[19: 21;23,20;25,22: 26], [19:27;28,22;29,21:23], [20:16;21,25; 24,29 : 31
[22:21;27,18;30,17: 31], [24:25;27,20;31,19:30], |
[25 : 20;23,28;27,30: 31], [28:26;18,29;27,21: 30]}.

Then (V, B) is a @(2 3, 3)-design of order 32. O

24 : 30;23, 29; 26, 25 : 28

Example 7.4 A ©(2,3,3)-design of order 33.

Let V' = Zj3 and let B contain the copies of ©(2,3,3) arising from the following set,
cycled modulo 33.

{[0:3:5,27;13,1: 18], [3 : 4:28,22;29,6 : 8]}.
Then (V, B) is a ©(2, 3, 3)-design of order 33. O
Example 7.5 A ©(2,3, 3)-decomposition of Ksg).
Let V={i=0 (mod 3):i € Zyg} U{i =1 (mod 3): i € Zyg} U{i =2 (mod 3): i € Zyg}

and let B contain the copies of ©(2, 3, 3) arising from the following set, cycled modulo
48.

{[0:1;5,28;14,34 : 18], [44 : 3;4,26; 33,35 : 22|}.
Then (V, B) is a ©(2, 3, 3)-decomposition of Kj(g). O
Example 7.6 A O(2,3, 3)-decomposition of K.
Let V.= {i = 0 (mod 5): i € Zg}U{i =1 (mod 5): i € Zg} U{i = 2 (mod
5):4 € Zgo} U{i =3 (mod b): 4 € Zgy} U{i =4 (mod 5): i € Zgo} and let B contain the
copies of ©(2, 3,3) arising from the following set, cycled modulo 80.
{[0:1;2,6;11,5:18],[0: 16;18,37;22,46 : 73],

[0:26;37,3;39,6:55],[41 : 44;3,17; 48,56 : 65]}.
Then (V, B) is a ©(2, 3, 3)-decomposition of K. O
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8 Isolated cases for ©(1,2,5)-designs

In this section we give examples of ©(1, 2, 5)-designs of orders 64 and 65.
Example 8.1 A ©(1,2,5)-decomposition of K.

Let V = {0,1,2,3} U {4,5,6,7} U {8,9,10,11} U {12,13,14,15} and let B contain the
following copies of O(1,2,5).

{[0,4;9,1,6,2,8], 0,5;11,1,7,3,13],  [0,6;12,1,8,3,14],
[0,15;10,13,4,12,7], [2,5:9,12,11,14,7], [2,11;4,8,13,9,14],
[3,12;10,4,1,14,5), [3,15;4,14,10,7,9], [5,1;15,11,3,6,10],
[5,8:12,2,10,1,13], [6,9;15,2,13,7,8], [6,13;11,7,15,8,14]}.

Then (V, B) is a ©(1, 2, 5)-decomposition of Kjy). O
Example 8.2 A O(1,2,5)-design of order 6.

Let V. = Zy X Z1s. Let (Q,#*1) and (Q,*2) be the quasigroups arising from two
MOLS(4). Let B contain the copies of ©(1,2,5) from the following two types of
O(1,2,5)-decompositions.

Type 1: For each i, 0 < i < 4, place a O(1, 2, 5)-design of order 9 on {i} x Z1g; such a
design exists by Example 4.1.

Type 2: For each (i,j) € Z4 x Z4 place an O(1,2,5)-decomposition of Ky on
({0} x {4d, 4i+1,4i+2, 4i+3})U ({1} x {4, 45+1, 4542, 4j+3}) U ({2} x {4(5%17), 4(i%,
j)+1’4(i*1j)+274(i*1j)+3})U({3} X {4(i*2j)a4(i*2j)+174(i*2j)+2’4(i*2j)+3})'
Then (V, B) is a ©(1, 2, 5)-design of order 64. O

Example 8.3 A O(1,2,5)-design of order 65.

Let V' = Zgs and let B contain the copies of ©(1,2,5) arising from the following set,
cycled modulo 65.

{0,1:6,3,11,2,12],  [0,13;27,3,18,1,19],
[0,16;36,1,24,2,33], [11,36;15,4, 30,32, 39]}.

Then (V, B) is a O(1, 2, 5)-design of order 65. O
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9 Isolated cases for ©(1,3,4)-designs
In this section we give examples of ©(1, 3, 4)-designs of orders 64 and 65.
Example 9.1 A ©(1,3,4)-decomposition of K.

Let V = {0,1,2,3} U {4,5,6,7} U {8,9,10,11} U {12,13,14,15} and let B contain the
following copies of O(1,3,4).

{0,4,1;6,3,5,8],  [0,5,2;7,8,1,9], [0,10,2;11,3,4,12],
0,13,1;15,8,3,14], [6,12,3:15,5,1,14], [7,11,4;10,12,2,13],
8,4,9;12,1,11,6], [8,14,10;13,6,9,2], [9,5,11;15,2,14,7],
[9,14,4;13,5,10,3], [10,1,7;15,4,2,6], [11,14,5;12,7,3,13]}.

Then (V, B) is a ©(1, 3, 4)-decomposition of Kj). O
Example 9.2 A O(1,3,4)-design of order 6.

Let V. = Z4 X Z1s. Let (Q,#*1) and (Q,*2) be the quasigroups arising from two
MOLS(4). Let B contain the copies of ©(1,3,4) from the following two types of
O(1, 3,4)-decompositions.

Type 1: For each i, 0 < i < 4, place a O(1, 3,4)-design of order 9 on {i} x Z1g; such a
design exists by Example 5.1.

Type 2: For each (i,j) € Z4 x Z4 place an O(1,3,4)-decomposition of Ky on
({0} x {4d, di+1,4i+2, 4i+3})U({1} x {4, 45+1, 4542, 4j+3}) U ({2} x {4(5%17), 4(i%,
j)+1,4(i*1j)+2,4(i*1j)+3})U({3}><{4(i*2j),4(i*2j)+1,4(i*2j)+2,4(i*2j)+3}).

Then (V, B) is a O(1, 3,4)-design of order 64. O
Example 9.3 A O(1,3,4)-design of order 65.

Let V' = Zgs and let B contain the copies of ©(1,3,4) arising from the following set,
cycled modulo 65.

{[0,2,5;10,1,8,19],  [0,8,20;33,4,18,38],
(0,15, 39; 22,40, 3,26], [60, 54, 29; 64, 63, 32, 16]}.

Then (V, B) is a (1, 3, 4)-design of order 65. O
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10 Isolated cases for ©(2, 3, 3)-designs

In this section we give examples of ©(2, 3, 3)-designs of orders 64 and 65.
Example 10.1 A O(2, 3, 3)-decomposition of Kya).

Let V = {0,1,2,3} U {4,5,6,7} U {8,9,10,11} U {12,13,14,15} and let B contain the
following copies of ©(2, 3, 3).

{[0:4;5,1;6,2: 9], 0:7;8,2;9,3:11], [1:4;6,9;7,2:14],
[1:11;12,2;14,3:13], [4:8;11,6;15,1:13], [4:12;2,15;13,0: 10],
[7:8;13,9;15,0:12], [7:14;3,15;12,5:11], [8:1;5,13;6,3: 10],
[8:14;3,4;15,5:10], [9:7;5,2;15,6:10], [12:6;3,5;11,0: 14]}.

Then (V, B) is a ©(2, 2, 3)-decomposition of Kjy). O
Example 10.2 A ©(2, 3, 3)-design of order 6.

Let V. = Zy X Z1s. Let (Q,#*1) and (Q,*2) be the quasigroups arising from two
MOLS(4). Let B contain the copies of ©(2,3,3) from the following two types of
©(2, 3, 3)-decompositions.

Type 1: For each i, 0 < i < 4, place a ©(2, 3, 3)-design of order 9 on {i} x Z1g; such a
design exists by Example 7.1.

Type 2: For each (i,j) € Z4 x Z4 place an O(2,3,3)-decomposition of Ky on
({0} x {4d, di+1,4i+2, 4i+3})U({1} x {4, 45+1, 4542, 4j+3}) U ({2} x {4(5%17), 4(i%,
j)+1,4(i*1j)+2,4(i*1j)+3})U({3}><{4(i*2j),4(i*2j)+1,4(i*2j)+2,4(i*2j)+3}).

Then (V, B) is a ©(2, 3, 3)-design of order 64. O
Example 10.3 A ©(2, 3, 3)-design of order 65.

Let V' = Zgs and let B contain the copies of ©(2,3,3) arising from the following set,
cycled modulo 65.

{[0:1;5,12;8,17:29], [0:11;13,27;16,34: 53],
[0:20;30,8;36,11: 52], [42: 48;15, 11;32, 47 : 45]}.

Then (V, B) is a ©(2, 3, 3)-design of order 65. O
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11 Examples of ©(1,2,6)-designs
Example 11.1 A O(1,2,6)-design of order 9.

Let V =Zg and let B =
([0,5:7,6,8,2,4,3],[0,8: 4,5,6,2,3,1], [1,6;4,7,3,8,5,2],[1,8:7,2,0,6, 3, 5]}
Then (V, B) is a ©(1, 2, 6)-design of order 9. O

Example 11.2 A O(1,2,6)-design of order 10.

Let V = Zs X Zs and let B contain the copies of ©(1, 2, 6) arising from the following set,
with the first components all cycled modulo 5, and the second components fixed.

{[(0,0), (1,0); (0,1), (3,0), (1,1), (4,1), (3,1), (2, 0)]}-
Then (V, B) is a ©(1, 2, 6)-design of order 10. O
Example 11.3 A O(1,2,6)-design of order 18.

Let V = Zg and let B =

{[0,1;3,4,5,2,6,7), [0,2;16,1,4,6,8,9], [0,4;10,1,5,3,7,11],
[0,5;14,10,7,4, 11, 6], 0,812,1,6,15,3,13],  [1,8;11,3,12,6,16,15),
[4,2;13,6,14,11,16,17], [5,9;10,11,12,15,4,16], [7,8;13,4,12,5,13,16],
8,10;15,0,17,14,16,3], [9,2:17,1,14,12,13,7], [9,3;14,2,1,13,8,4],
[6,3;10,2,7,5,11,17], [9,16;12,2,3,17,7,1],  [12 ,10;17,13,11,9,15,7L
[15,5;17,8,16,10,13,14], [15,11;2,8,5,6,9,13]}.

Then (V, B) is a ©(1, 2, 6)-design of order 18. O
Example 11.4 A O(1,2,6)-design of order 19.
Let V = Zjg and let B contain the copies of ©(1,2,6) arising from the following set,

cycled modulo 19.
{[0,1;3,7,2,8,16,9].

Then (V, B) is a ©(1, 2, 6)-design of order 19. O
Example 11.5 A O(1,2,6)-decomposition of Kss).
Let V = {0,1,2}U{3,4,5}U{6,7,8} and let B = {[0,3;6,1,7,2,8,5], [0, 7:4,1,5,2,3,8],

[4,2:6,5,7,3,1,8]}.
Then (V, B) is a ©(1, 2, 6)-decomposition of Kjs). O
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12 Examples of ©(1,3,5)-designs

Example 12.1 A (1, 3,5)-design of order 9.

Let V = Zg and let B = {[0,5,6;7,4,3,2,1], [0,8,5;2,4,1,6,3], [2,6,4:8,3,5,1,7],
7,3,1;8,6,0,5,4]}.

Then (V, B) is a ©(1, 3, 5)-design of order 9. O
Example 12.2 A O(1, 3, 5)-design of order 10.

Let V = Zs X Z5 and let B contain the copies of ©(1, 3,5) arising from the following set,
with the first components all cycled modulo 5, and the second components fixed.

{1(0,0), (0,1), (4,1); (1, 1), (4,0), (2,1), (3,0), (1,0)]}-
Then (V, B) is a ©(1, 3, 5)-design of order 10. O
Example 12.3 A O(1, 3, 5)-decomposition of Kgg.

Let V' = Zg X Zs and let B contain the copies of ©(1, 3, 5) arising from the following set,
with the first components all cycled modulo 9, and the second components fixed.

{[(0,0),(3,1), (1,0);(0,1), (5,0), (6,1), (8,0), (5, )]}

Then (V, B) is a ©(1, 3, 5)-decomposition of Kygo, where V is partitioned in the obvious
way. Ol

13 Examples of ©(1,4,4)-designs

Example 13.1 A O(1,4,4)-design of order 10.

Let V = Zs5 X Z5 and let B contain the copies of ©(1, 4, 4) arising from the following set,
with the first components all cycled modulo 5, and the second components fixed.

{[(0,0), (1,0), (3,0), (0, 1); (1,1), (4,1), (4,0), (3, D]}
Then (V, B) is a ©(1, 4, 4)-design of order 10.
Example 13.2 A O(1,4,4)-design of order 18.
Let V =713 and let B =

8,10,9,7;15,5,16,11],  [10,2,15,0;16,17,14,13],
[12,6,11,17;13,3,8,16], [15,13,9,4;17,6,3,14]}.

Then (V, B) is a ©(1,4, 4)-design of order 18. O
Example 13.3 A O(1,4,4)-design of order 19.

,4,1,7:17,2, 16, 15],

{[0,1,2,3;4,5,7,6], [0,2,4,6;8,1,3,5], [0,3,7,2;9,1,5,10],
[0,7,4,8:;12,1,6,13], 0,11,1,10;14,2,5,17],  [1,13,2,6;14,4,11,15],
2,8,5,9;11,7,10,12],  [3,11,5,6;15,9,14,12],  [5,12,4,16;14,7,8,13],
6,9,17,3;10,11,13,16], [7,13,4,15;12,9,3,16], [8,9, 16,1,17 12,11, 14],
[ 10
[

Let V = Zjg and let B contain the copies of ©(1,4,4) arising from the following set,
cycled modulo 19.

{[0,1,3,6;10,4,12,5]}.
Then (V, B) is a ©(1,4, 4)-design of order 19. O
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Then (V, B) is a O(1, 4,4)-design of order 45.



Example 13.6 A O(1,4,4)-design of order 63.

Let V = (Z31 X Z2) U{o0} and let B contain the copies of ©(1,4,4) arising from the fol-
lowing set, with the first components all cycled modulo 31, and the second components
fixed.

{[(0,0), (1,0), (3,0), (6,0); (10,0), (4,0), (9,0), (16, 0)]
[(0,0), (9,0), (20,0), (1,0); (14,0), (2, 1), (2,0), (5, 1)],
[(0,0),(4,1), (5,0), (0,1); (8,1),(1,0), (7,1), (9,1)],
[(0,0),(14,1),(18,0),(2,1); (24,1),(19,1), (15,1), (16, 1)],
[(6,0),(18,1),(3,1),(2,0); (24,1), (30,0), (1,1), (29, 1)],
[(13,1),(7,1),(21,0), (13,0);(26,1),(14,1),(3,1), (27,1)],
[(0,0),(10,1),(12,0),(1,1); (11,1),(14,0), (4,1), 00]}.

Then (V, B) is a ©(1,4, 4)-design of order 63. O

Example 13.7 A O(1,4,4)-decomposition of Kss).

Let V = {0,1,2}U{3,4,5}U{6,7,8} and let B = {[0,3,1,6:4,7,2,5],[0,6,3,2:8,1,5,7],
4,1,7,3;8,5,6,2]}.

Then (V, B) is a ©(1, 4, 4)-decomposition of Ks). O

Example 13.8 A O(1,4, 4)-decomposition of Ksg).

Let V={i=0 (mod 3): 1 € Zor} U{i =1 (mod 3): i € Zo;} U{i =2 (mod 3): i € Zyr}
and let B contain the copies of ©(1,4,4) arising from the following set, cycled modulo
27.

{[0,1,6,17;13,20,12,10]}.

Then (V, B) is a ©(1,4, 4)-decomposition of Kj(g). O

14 Examples of ©(2,2,5)-designs
Example 14.1 A ©(2,2,5)-design of order 18.

Let V =715 and let B =

{[0:1;2;3,4,7,6 : 5], [0:4;5;6,2,1,3:8], [0:7;8;9,1,4,2:12],
0:10;11;12,1,7,2:3],  [0:13:14;15,1,10,2:8],  [1:11:13:17,0,16,2: 9],
[2:11;13;14,3,7,8:10],  [3:5:6;16,9,17,11:13],  [3:9:12:15,2,17,8: 6],
[4:12:15;16,6,11,14: 13], [5:11;15;9,4,17,16:8],  [5:12;17:10,9,8,1: 14],
[7:5;16;9,12,11,15: 14], [10:4:16:15,6,17,7:11], [10:7;12;14,6,1,16: 15],
[13:4:7;3,17,15,9: 14],  [16:12;13;5,4,6,10: 17]}.

Then (V, B) is a ©(2, 2, 5)-design of order 18. O
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Example 14.2 A ©(2,2,5)-design of order 19.

Let V = Zjg and let B contain the copies of ©(2,2,5) arising from the following set,
cycled modulo 19.
{[0:1;2;3,7,12,4: 14]}.

Then (V, B) is a ©(2, 2, 5)-design of order 19. O
Example 14.3 A ©(2,2,5)-design of order 27.

Let V = Z3 X Zg and let B contain the copies of ©(2, 2, 5) arising from the following set,
with the first components all cycled modulo 3, and the second components fixed.

{1(0,1) = (1,1); (1, 2); (0, 5), (1,0), (0,6), (2,0) : (2, 7)],
[(0,0) = (2,4);(2,7); (1,5),(1,1),(0,2), (1,2) : (1,4)],
[(0,1):(0,2);(2,5);(1,3),(0,7),(1,5), (1,6) : (2,4)],
[(0,1) :(0,3);(0,6); (2,7),(2,5), (1,2),(2,6) : (2,3)],
[(0,3) : (1,4);(0,8);(2,6),(2,0),(2,8),(1,8) : (2,5)],
[(0,8) : (0,4);(0,7);(1,2),(0,5), (1,4), (2,6) : (2,8)],
[(L 1) : (0, 4); (1’ 7); (1: 8)? (2’ 1)? (2’ 0)? (Oa 8) : (1a 3)]a
[(L 2) : (L 3); (1’ 6); (1: 5)? (1’8)5 (0’ 1)? (15 0) : (25 7)]a
[(L 3) : (0, 2); (0’ 5); (1: O)a (2’3)5 (2a4)a (15 1) : (25 6)]a
[(L 6) : (0, 7); (2’ 8); (2: 1)’ (0’ 2)7 (1’ 0)’ (1’ 4) : (1a 7)]7
[(2, 1) : (0, 1); (1’ 3); (2: 4)’ (2’6)7 (1’ 6)’ (0’ 5) : (1a 5)]7
[(2, 2) : (2, 0); (0a4); (2: 7)’ (1’ 5)7 (O’ 3)’ (1’ 2) : (1a 8)]7
[(2,7) : (0,2);(2,6); (0,4), (2,0), (1,0), (0,3) : (1,8)]}-
Then (V, B) is a ©(2, 2, 5)-design of order 27. O

Example 14.4 A ©(2,2,5)-decomposition of Ksg).

Let V={i=0 (mod 3): i € Zy;} U{i =1 (mod 3): i € Zor} U{i =2 (mod 3): i € Zor}
and let B contain the copies of ©(2,2,5) arising from the following set, cycled modulo
27.

{[18 : 7;11; 23,21, 20,16 : 24]}
Then (V, B) is a ©(2, 2, 3)-decomposition of K. O

Example 14.5 A ©(2,2,5)-design of order 28.

Let V = (Zg x Z3) U {oo}. Let B contain the copies of ©(2, 2, 5) from the following two
types of ©(2,2, 5)-decompositions.

Type 1: For each i € Zj3, place a ©(2,2,5)-design of order 10 on ({i} x Zg) U {oc0}.
Type 2: Place a ©(2,2,5)-decomposition of K3y on Zg X Zj.

Then (V, B) is a ©(2, 2, 5)-design of order 28. O
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(Z7xZs)U{oo} and let B contain the copies of ©(2, 2, 5) arising from the follow-
ing set, with the first components all cycled modulo 7, and the second components fixed.

Example 14.6 A ©(2,2,5)-design of order 36.

Let V
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Then (V, B) is a ©(2, 2, 5)-design of order 45.



Example 14.9 A ©(2,2,5)-design of order 46.

Let V = Zs3 X Zy and let B contain the copies of ©(2,2,5) arising from the following
set, with the first components all cycled modulo 23, and the second components fixed.

Then (V, B) is a ©(2, 2, 5)-design of order 46. O
Example 14.10 A O(2,2,5)-design of order 63.

Let V = (Z3; X Zs) U{occ} and let B contain the copies of ©(2,2,5) arising from the fol-
lowing set, with the first components all cycled modulo 31, and the second components
fixed.

Then (V, B) is a ©(2,2,5)-design of order 63. O
Example 14.11 A ©(2,2,5)-design of order 64.

Let V = (Zg X Z7) U{o0}. Let B contain the copies of ©(2,2,5) from the following two
types of ©(2,2, 5)-decompositions.

Type 1: For each i € Z7, place a ©(2,2,5)-design of order 10 on ({i} x Zg) U {oco}.
Type 2: For each triple, {a, b, c} say, in an STS(7), place a ©(2, 2, 5)-decomposition of
K39y on Zg x {a,b,c}.

Then (V, B) is a ©(2, 2, 5)-design of order 64. O

Example 14.12 A ©(2,2,5)-decomposition of Ks ).

Let V =1{0,1,2,3,4,5} U {6,7,8,9,10,11} U {12,13,14, 15,16, 17} and let B =

{[0:6:7:8,3,9,12: 2], 0:9:10;11,1,15,4:16], [0:12;16;14,7,5,10: 3],
(0:13;17:15,11,16,1: 10], [2:9;17;11,14,10,12: 4], [3:11:14:15,5,16,7: 4],
[6:1;14;3,7,15,2: 8|, [6:4;15;17,9,14,5: 8], [10:2;4;15,9,5,11: 13|,
[12:1;11;6,5,13,7: 17|, [12:5;8;7,1,13,3:17], [13:6;8;9,1,14,2: 16].
Then (V, B) is a ©(2, 2, 5)-decompostion of K. O
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15 Examples of ©(2, 3,4)-designs
Example 15.1 A ©(2,3,4)-design of order 9.
Let V =74 and let B =

{[0:1;2,3;4,5,6:7],[0:2;4,3;1,6,8:5],[4:7;8,1;6,3,0:5],[6:4;1,3;0,7,2: 8]}

Then (V, B) is a ©(2, 3, 4)-design of order 9. O
Example 15.2 A ©(2,3,4)-design of order 10.

noindent
Let V = Zs X Zs and let B contain the copies of ©(2,3,4) arising from the following
set, with the first components all cycled modulo 5, and the second components fixed.

{[(0,0) : (1,0);(2,0),(0,1);(1,1),(2,1), (3,0) : (3,2)]}

Then (V, B) is a ©(2, 3, 4)-decomposition of K. O
Example 15.3 A ©(2,3,4)-design of order 18.

Let V =Z5 and let B =
{[0:1;2,3;4,5,9: 6], [0:3;5,1;6,2,9: 4], [0:7;8,1;9,3,11 : 14],
0:10;11,1;12,2,16:17], [0:13;14,3;15,4,6:8],  [1:2:3,13;12,10,6: 14],
[2:5;11,9;17,7,10: 14], [3:7;17,6;16,8,12: 15], [4:10;7,1;8,17,0: 16],
[4:17;14,8:13,6,16: 9],  [5:3:10,9:17,13,1:15),  [7:11:9,1;5,15,13: 10,
[7:12;6,11;8,10,15: 16], [7:13:16,4;2,8,15:11],  [12:9:6,5;3,10,2: 13],
[12:13;17,14;11,8,5: 16], [12:14:4,2;5,11,17: 15]}.

Then (V, B) is a ©(2, 3, 4)-design of order 18. O
Example 15.4 A ©(2,3,4)-design of order 19.

Let V = Zjg and let B contain the copies of ©(2,3,4) arising from the following set,
cycled modulo 19.
{[0:1;2,5;4,9,3:12]}

Then (V,B) is a ©(2, 3,4)-design of order 19. O

Example 15.5 A ©(2,3,4)-decomposition of Kss).

Let V. =40,1,2} U{3,4,5} U{6,7,8} and let B =
{[0:3;4,6;7,5,8:1],[0:5;6,3;8,4,7:2],[1:4;5,6;7,3,8:2]}.

Then (V, B) is a ©(2, 3, 4)-decomposition of Kjs). O
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16 Examples of ©(3, 3, 3)-designs

Example 16.1 A ©(3, 3, 3)-design of order 10.

Let V' = Zs X Zs and let B contain the copies of ©(3, 3, 3) arising from the following set,
with the first components all cycled modulo 5, and the second components fixed.

{1(2,0) : (3,0),(0,0); (2,1),(0,1);(3,1), (1,0) : (4, 1)]}.
Then (V, B) is a ©(3, 3, 3)-design of order 10. O
Example 16.2 A ©(3, 3, 3)-design of order 18.

Let V =Z5 and let B =
{[0:1,2;3,4;5,6: 7], [0:2,4;1,5;3,7:8], [0:4,6;1,7;9,10: 15],
0:8,2;5,6;11,12: 7], 0:13,1;9,2;15,16 : 14], [1:10,3;6,8;11,12: 9],
[2:7,10;5,8:12,16: 17],  [4:15,14;13,8:16,17:12], [5:11,14;17,6;13,16: 1],
[7:11,3;14,4;13,15: 8|, [8:3,15;11,4;10,17 : 13], [9:3,1;14,7;4,10: 2],
0:8,4;12,3:13,15:5),  [10:6,15;17,0;14,16:3],  [11:2,6;14,5;9,16: 12],
[11:10,13;16,6;12,17: 7], [15:12,10;17,2:13,16: 9]}.

Then (V, B) is a ©(3, 3, 3)-design of order 18. O
Example 16.3 A ©(3, 3, 3)-design of order 27.

Let V = Z3 X Zg and let B contain the copies of ©(3, 3, 3) arising from the following set,
with the first components all cycled modulo 3, and the second components fixed.

{[(0,0) : (1,0), (0,1); (2,0), (2,1); (1,2), (0,8) : (1,3)],
[(0,1) : (1,1),(2,4);(0,7), (1,8); (1,2), (1,3) : (2, 1)],
[(0,2) : (0,3), (1,2);(0,5), (1,1); (0,4), (1, 4) : (2,0)],
[(0,3) : (2,3), (1,5); (1,6), (1,1); (1,4), (0,5) : (0,1)],
[(1,2) : (1,0),(2,3);(0,8),(0,7); (1,1), (0, 4) : (2,4)],
[(1,2) : (0,2), (1,0); (1,5),(0,4); (2,5), (2,7) : (2,0)],
[(1,6) : (0,2),(2,8);(0,7), (1,4); (2,3), (0,8) : (0,3)],
[(2,0) : (0,4),(0,8);(2,2),(2,6); (2,4),(0,7) : (2,5)],
[(2,0) : (1,6),(2,2);(0,3), (0,4); (2,6), (0,8) : (0, 1)],
[(2,1):(2,7),(2,4); (2,5), (0,5); (0,8), (1,8) : (1,6)],
[(2,5) : (1,1),(0,6);(1,6), (0,3); (2,7), (1,8) : (0,5)],
[(2,6) : (1,0), (1,3);(2,7),(0,5); (2,3), (1,7) : (2,2)],
[(2,7) - (1,6),(2,8);(0,8), (1,4); (2,6), (0,7) : (1,0)]}.
Then (V, B) is a ©(3, 3, 3)-design of order 27. O

Example 16.4 A ©(3, 3, 3)-decomposition of Kgg.

Let V' = Zg X Zs and let B contain the copies of ©(3, 3, 3) arising from the following set,
with the first components all cycled modulo 9, and the second components fixed.

{[(Oa 0) : (0: 1)? (5, 0); (la 1)? (7, 0); (2a 1)? (6: 0) : (8’ 1)]}

Then (V, B) is a O(3, 3, 3)-decomposition of Kg g9, where V' is partitioned in the obvious
way. Ol
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17 Isolated Cases for ©(1,2,6)-designs

In this section we give examples of ©(1, 2, 6)-designs of orders 36 and 37.
Example 17.1 A O(1,2,6)-decomposition of Kys).

Let V = {0,1,2} U {3,4,5} U {6,7,8} U {9,10,11} and let B = {[0,3;6,1,4,2,5,7,
[1,5;8,0,4,6,2,7], [2,8;10,6,9,1, 3,11], [3,2;9,0,10,1,11,7], [4,9;7,10,5,0,11, 8],
[5,6:11,4,10,3,8,9]}.

Then (V, B) is a ©(1, 2, 6)-decomposition of Kys). O

Example 17.2 A ©(1,2,6)-design of order 36.

Let V = Z4 X Zg. Let (@, *1) and (Q, *2) be the quasigroups arising from two MOLS(3).
Let B contain the copies of ©(1, 2, 6) from the following two types of O(1, 2, 6)-decompo-
sitions.

Type 1: For each i, 0 < ¢ < 3, place a O(1, 2, 6)-design of order 9 on {i} X Zg.

Type 2: For each (i,j) € Z3 x Z3 place an O(1,2,6)-decomposition of K,y on {0} x
30,30+ 1,3+ 2} U{1} x {3,375 + 1,35 + 2} U{2} x {3(i %1 §),3(i %1 ) + 1, 3(i *, §) +
2} U3} x {(i%27),3(i*9 7) + 1,3(i %o 7) + 2}.

Then (V, B) is a ©(1, 2, 6)-design of order 36. O

Example 17.3 A O(1,2,6)-design of order 37.

Let V = Zj; and let B contain the copies of ©(1,2,6) arising from the following set,
cycled modulo 37.

{]0,1;4,11,19, 5,14, 24], [23, 7; 29, 9, 27, 22, 33, 21]}.

Then (V, B) is a O(1, 2, 6)-design of order 37. O
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18 Isolated Cases for ©(1,4,4)-designs

In this section we give examples of ©(1, 4, 4)-designs of orders 36, 37, 99 and 117.

Example 18.1 A O(1,4,4)-design of order 36.

(Z7 x Zs) U {oo} and let B contain the copies of O(1,4,4) arising from the

following set, with the first components all cycled modulo 7, and the second components

fixed.

Let V
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(Zag x Z4) U {oo} and let B contain the copies of ©(1,4,4) arising from the

following set, with the first components all cycled modulo 29, and the second components

fixed.

Example 18.4 A O(1,4,4)-design of order 117.

Then (V, B) is a ©(1, 4, 4)-design of order 99.

Let V
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Zs5 X Zs and let B contain the copies of ©(2,2,5) arising from the following set,
{[(1,0)

with the first components all cycled modulo 5, and the second components fixed.

In this section we give examples of ©(2,2,5)-designs of orders 10, 72, 73, 99, 100, 117,

118, 126 and 127.

19 Isolated Cases for ©(2,2,5)-designs

Then (V, B) is a ©(1,4, 4)—design of order 117.
Example 19.1 A ©(2,2,5)-design of order 10.

Let V



Then (V, B) is a ©(2, 2, 5)-decomposition of K. O
Example 19.2 A ©(2,2,5)-design of order 72.

Let V = Zg x Zg. Let B contain the copies of ©(2,2,5) from the following two types of
©(2, 2, 5)-decompositions.

Type 1: For each i € {0,1,2,3}, place a ©(2,2,5)-design of order 18 on ({i} x Zg) U
({i + 4} x Zgy), where addition is taken modulo 8.

Type 2: For each i € Zs, place a ©(2, 2, 5)-decomposition of K3y on {,i+1,i+3} X Zy).
Then (V, B) is a ©(2,2,5)-design of order 72. O

Example 19.3 A O(2,2,5)-design of order 73.

Let V = (Zg x Zg) U {oo}. Let B contain the copies of ©(2,2,5) from the following two
types of ©(2, 2, 5)-decompositions.

Type 1: For each i € {0,1,2,3}, place a ©(2,2,5)-design of order 19 on ({i} x Zg) U
({i + 4} x Zg) U {0}, where addition is taken modulo 8.

Type 2: For each i € Zs, place a ©(2, 2, 5)-decomposition of K3y on {i,i+1,i+3} X Zy).
Then (V, B) is a ©(2, 2, 5)-design of order 73. O

Example 19.4 A ©(2,2,5)-design of order 99.
Let V = (Z4g X Zs) U {oo} and let B contain the copis of ©(2,2,5) arising from the fol-

lowing set, with the first components all cycled modulo 49, and the second components
fixed.

{[(0,0) : (2,0);(3,0); (5,0), (11,0), (1,0), (10,0) : (21, 0)],
[(0,0) : (12,0); (14,0); (16, 0), (33,0), (4,0), (26,0) : (6,1)],
[(0,0) : (24,0); (0,1); (2,1), (3,0), (8,1), (1,0) : (12, 1)],
(0,0) : (6,1); (9, 1; (14.1), (18,0), (0, 1), (5,0) : (47, 1),
[(0,0) : (17,1); (18, 1); (20,1), (31,0), (3,1), (29,0) : (13,1)],
[(0,0) : (22,1); (30,1); (26, 1), (9,1), (10, 1), (25, 1) : (47,0)],
[(44,0) : (31,1); (45,1);(11,1),(14,1),(24,0),(3,0) : (15,1)],
[(4,1) : (13,0); (34,0); (40, 1), (25,0), (32, 0), (6,0) : (10, 1)],
(15, 1) (1,1); (22,1):(6,1), (33, 1), (4,1), (1,0 : (48, 1)},
(40,1 (19, 1); (34, 1); (22, 1), (43,0), (30, 0), (34,0) - (44, 1)],
1(0,0) - o3 (41,0); (13, 1), (28, 0), (29,0), (14,0) : (0, 1)]}.
Then (V, B) is a ©(2, 2, 5)-design of order 99. O

26



o0
=l
£ 2
Hﬁ
S &
e..m O
+~ = = 92}
o tm
55 -
g
& 3 2 2
o0 N =
7 =S - —_ =] Q
5 S 10 AN Ll”.l:_ — ‘o ©
~ O —~ \:/_l.;_ - .
< @ = ]12a1a1\1../m1 w..m
&e())Dﬁ@m&L,% =8
7h ..01 — ~ (\5/:\ 0 <5}
2..L —_ ’7(\.. . ~— 7]
~ 070( —_ —_— . 2./ - -~
Q) > = \/0\0)0\)\)) & — = —
N g 5(\\la/\)0 ~ .,111 PR mzl ~ -
@ 2] — 00 ’67}02’ - < - ./\l/
.,\)) o l\(1(05 @d .,2., _~ N — M
.fooo&L(%,( S g n(LD( .
M c 21“(\.;1\14\)7&( rma f\l) 7.._|:_ .,,7 —
S 83 = = - - =) =) = ,w®2,% = = — .
r.@u()OlO(@)lGl g < \0),(\7(\ ,1,(\\)334”a/ = -~ -
5 &z mnO anoa/.\\ln\ln ﬂle 22 > O - R < 4a123\ﬂm”3]\)1]3 = _-
I cm,w%xmoomx@< = uxmm<<mﬁm<<&msl%16DQM3n»
S .Muc 7((0 747 0\)7\'” Cd \|/0 . 7\)’)6( ..)“(8’0(%\2 /nu\ 633
S SE S=s ,mufzxms1o LR E 009610()))01 —Tag S8 R
= 0003( ~ (336 . — — 71’..0.;\'/20 747)\'/..(\)\) (\}Q\..l( .
N m o a S ~— \h\.ﬂ 7((3 =) ~ - 2(\.”\)1(2 9(11\)..12) o \./( ™
S aY3740 ~ = 1)7 N S - = — 11( 53:1 Py — 3 ==
. 2\:/ - 1\:/ ~ . A ~— IS ~— ~ ’51 O -~ —~ — \:/1
%tC/ﬂ\, 113 - 1\:/\:”1 “ m.l. = - \nhg/ll( )9(0\1 73183’152 .;\l/3 o
J g = .~ AT ’181.; )10 - ) - © — 0(0 ~— ’\'ﬂl ~ O 7(\12 N 03 O./ ~
= o= \)\.a)20(1 =S 5 T S < — \)\./3 ~ 2 a o AN 8a(\0
C&O 0{1 /\226 - N = © L0 Py o= hel 0\|/7 P A =
\|_/ 7] 70 7.7(\.'”\.|H((3% 1m. [« mu 720/0%(001’2’(22\'”)32/%00, Q\ﬂ\ e
Yo B..b 219\'/1\.'/11\.|H7(( ) S < ~ ()54((\%0’ 732 (] -~ P} 70\'/
,tn — o= — 1U\.|n;f s A E ))5% >=Z 3%1(/03, - \%20 <= —
(] oy e\lﬂ( —_ 17’ 1\'/ &) = 00( —~ ~ (\:/0 - (2 19 o ’42137
27 — m 0)%(9(1%571 o md - w 3’2’\” I\./l/AI_..\\)\'/O 7“\\”\)}\)}(\1’(/&\4’(”(49’(?{0\
IS . ~— ~ . — -~ - -
(dplo \J).).’|\/238g2kn f1113’225w’ 11\'/ — (\'/(\l//()
@ = ~— 7.;1\'/1)..; (3 ot 3 @) . — < 1\) P 227 231))3 ~ \|N3\|/
< m Vo) — 1) ~ 7] L ~ Py <t 7(2 1’00 - 3( —_ S [aN AN > —~ 2l
o) Lz ° ~ GG D = S of 0)(\9 ~ — ~ 1(611., 5 ? 231
< ~ @ — (/@\815.; all\)d ] = m ) .’()31(3)4.,)( /I\(, 0011 aH :15
Z () . (119 ~ o 1 ~~ 2’ ’\l/\.l”l(-\ - 22\)’\'” N ~— (\0/ 14(2
0 + > (\(140., > = o~ Qo (111 :.a\l\)A_.. T 3)3\) — — - ~
. n OOO\I/ .. (233 0 ~ © — ~ 2\)22(/7 12 e 3\)()(\./ —
9xﬁrK, oo ane >~ 87 %(28,12 R reaitC) 3,,2),0 o@ )
— == 700) (2 ~ 177) =) .7((( ,0./3\)\:”3 7(0(9 ~ S 3\) [
) =22 T~ ~ 7 Pa- — o™ AT — (\02 o e«
2 9 [Km\Oa . =55 o =« ﬁr aO\)a.a\.)a(l(\ 3511 ; — 2 S ©o —_ o — o
[} Zh [(0 ~ 0\))(\ D) = ! — PR P \)\)(\1, 4,1 721
2, > [Km\OaOaOl o) O =< S L a\h\.)a\.)a(\mu\/l < a\;.,22 .a(\\)/ (\,21(\,
= == p= = 2 :2a3\3/3,.a(\(\7,12 a33,3 = ™
2o} 2 w L = a\ﬂuu/\).. /l\mmu\l - a\L/\.lh.a( (72a1 ~ <t o N
8 = S w5 = G . ..(/Or(oww ,2%/\.n\n./m\.,(.n((%2%1@\ﬂ
SR n - 2 Z == =) ,O\nw).. - SR L 2\1)\.),%(4(1 —
% Z t./ [(O 0.; 0\0}) TS = [e'e)] 3.;4./ - o (a] .7\'” .7(\'” -
V’ Q (e [K(Oﬂ o 0)) ttt ((1447 -~ ’02 \.|H32
.ID... n [[(\mO:O:OO\L/ BN ..(117% aOaOaloOa !
n\ = Il Mo [KKOaOa al,\L/)\.% .\.((..(M2N7a1%
<] Hal [\/I\OO: 712).. e N ~ 2(\
V — —~ ~ A~ . \{‘.’
= [} W [(O -~ o — . . .~
=il 2% [KW(&&JO,J\./T)\../.. 8 8
EMde [K5182 P
fom =& 2a52a m/\./
[Kﬂx?? ™
[KQ\O;
[(0
i



Then (V, B) is a ©(2, 2, 5)-design of order 117. O
Example 19.7 A ©(2,2,5)-design of order 118.

Let V = (Zg x Z13) U{cco}. Let B contain the copies of ©(2,2,5) from the following two
types of ©(2,2, 5)-decompositions.

Type 1: For each i € Zi3, place a ©(2,2,5)-design of order 10 on ({7} X Zg) U {c0}.
Type 2: For each triple, {a,b,c} say, in an STS(13), place a O(2,2,5)-decomposition
of K3(9) on Zg X {CL, b, C}.

Then (V, B) is a ©(2, 2, 5)-design of order 118. O

Example 19.8 A ©(2,2,5)-decomposition of Kss).

Let V={i=0 (mod 3):i € Zsy} U{i =1 (mod 3): i € Zss} U {i =2 (mod 3): i € Zs4}
and let B contain the copies of ©(2,2,5) arising from the following set, cycled modulo
54.

{[0:7;8;14,1,21,5: 30],[40 : 30;42;41,45,17,36 : 47|}
Then (V, B) is a ©(2, 2, 5)-decomposition of Kj3g). O

Example 19.9 A ©(2,2,5)-design of order 126.

Let V = Zg X Z7. Let B contain the copies of ©(2,2,5) from the following two types
of ©(2,2, 5)-decompositions.

Type 1: For each i € Zz, place a ©(2,2,5)-design of order 18 on {i} X Zs.

Type 2: For each triple, {a, b, c} say, in an STS(7), place a ©(2, 2, 5)-decomposition of
Kg(g) on Z18 X {CL, b, C}.

Then (V, B) is a ©(2, 2, 5)-design of order 126. O

Example 19.10 A ©(2,2,5)-design of order 127.

Let V = (Z1s X Z7) U {oo}. Let B contain the copies of ©(2,2,5) from the following two
types of ©(2,2, 5)-decompositions.

Type 1: For each i € Z7, place a ©(2,2,5)-design of order 19 on ({i} x Zg) U {o0}.
Type 2: For each triple, {a,b,c} say, in an STS(13), place a ©(2,2,5)-decomposition
of K3(9) on Z18 X {a, b, C}.

Then (V, B) is a ©(2, 2, 5)-design of order 127. O

20 Isolated Cases for ©(2,3,4)-designs

In this section we give examples of ©(2, 3, 4)-designs of orders 36 and 37.

Example 20.1 A O(2,3,4)-decomposition of Kys).

Let V = {0,1,2} U {3,4,5} U {6,7,8} U {9,10,11} and let B = {[0 :3;4,6;8,10,7 : 1],

[2:5;3,10;9,7,0:6], [3 :8;6,2;11,0,10 : 4], [5:0;8,1;11,7,4 :9], [7 :2;3,9;5,1,11 : 8],
[10:2;1,4;5,9,6:11]}.

Then (V, B) is a ©(2, 3,4)-decomposition of Kys). O
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Example 20.2 A ©(2,3,4)-design of order 36.

Let V = Z4 X Zg. Let (@, *1) and (Q, *2) be the quasigroups arising from two MOLS(3).
Let B contain the copies of ©(2, 3, 4) from the following two types of ©(2, 3, 4)-decompo-
sitions.

Type 1: For each i, 0 < i < 3, place a O(1,2,6)-design of order 9 on {i} X Zg.

Type 2: For each (i, j) € Z3 x Z3 place an ©(2, 3, 4)-decomposition of Ky on ({0} x
(30,30 + 1,30+ 21) U ({1} x {35,35 + 1,35 + 2}) U ({2} x {3(i 1 5),3( %1 j) + 1,3(i *,
7)+21) U ({3} x {3(i*24),3(1 %2 j) + 1,3(i %2 j) + 2}).

Then (V, B) is a ©(2, 3,4)-design of order 36. O

Example 20.3 A ©(2,3,4)-design of order 37.

Let V = Zj3; and let B contain the copies of ©(2,3,4) arising from the following set,
cycled modulo 37.

{[0:1;2,5;4,9,3:12],[0:8;12,2;13,28,7: 25]}.

Then (V, B) is a ©(2, 3,4)-design of order 37. O
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